Abstract. The notions of higher-order weighted multilinear Poincaré and Sobolev inequalities in Carnot groups are introduced. As an application, weighted Leibniztype rules in Campanato-Morrey spaces are established.
Introduction and main results

Bilinear (and multilinear) Poincaré inequalities such as
h(x) dx and Y is a collection of vector fields satisfying Hörmander's condition, were introduced and studied in [29] in the context of Carnot-Carathéodory spaces. Such inequalities provide a valid alternative to inequalities of the type , which fail when 0 < p < 1. Higher-order versions of (1.2), for instance,
where the supremum is taken over all polynomials P (x) of degree less than two, also fail in general for 0 < p < 1 (see Remark 3) . By Hölder's inequality a natural substitute for (1. . As we will see, inequality (1.4) and weighted versions of it are indeed true for 1/2 < p < 1 (see Theorem 1) .
The aim of this work is to introduce higher-order weighted multilinear Poincaré and Sobolev inequalities in the general context of homogeneous Carnot groups that are valid even when 0 < p < 1 and are in the spirit of (1.4). The main results in this note are the following (consult Section 2 for definitions).
Theorem 1 (Higher-order weighted multilinear Poincaré inequality). Suppose m ∈ N, 1 m < p ≤ q < ∞ and 1 < p 1 , · · · , p m < ∞ such that
. Let G be a homogeneous Carnot group in R n of homogeneous dimension Q and n 1 generators, k and m positive integers such that k ≤ m Q, d the Carnot-Carathéodory metric in R n with respect to a family of generators X of G. Let u, v i , i = 1, · · · , m, be weights defined on R n and satisfying condition (1.5) if q > 1 or condition (1.6) if q ≤ 1, where
for some t > 1, with r(B) the radius of B.
Then for all d-ball B and all
there exists a polynomial P k (B, f ) of degree less than k such that the following weighted m-linear subelliptic Poincaré inequality holds true
where C is a constant independent of f and B.
In the linear case (m = 1), representation formulas and Poincaré inequalities imply embedding theorems on Campanato-Morrey spaces. These embeddings are applicable when studying the regularity of partial differential equations; see, for instance, Lu [21, 22] where such embeddings were proven in the Carnot-Carathéodory context. The multilinear analogs of these embeddings come in the form of Leibniz-type rules. We next illustrate this by focusing on the bilinear case m = 2. Indeed, the fractional Leibniz rule states that for α > 0 and 1 < p 1 , p 2 , q 1 , q 2 , r < ∞, with
holds true, where |∇| α h(ξ) = |ξ| αĥ (ξ). Since the pioneering work by Christ-Weinstein [6] and Kenig-Ponce-Vega [18] on the Korteweg-de Vries equation and Kato-Ponce [17] on the Navier-Stokes equation, inequality (1.8) has emerged as an essential tool to study nonlinear PDEs. In particular, PDEs whose nonlinear terms involve quadratic expressions, or, more generally, powers of the solution or its derivatives, and products of the solutions and their derivatives. The use of (1.8) and closely related inequalities has vastly spread across the literature in Analysis and PDEs. Notice that inequality (1.8) is a particular case of
where the spaces
belong to the homogeneous Sobolev scale. As an application of Theorem 1 we derive inequalities of type (1.9) in the scale of weighted Campanato-Morrey spaces in Carnot groups (see Theorem 5) . We remark that these estimates are new even in the Euclidean setting.
Since constants on the right hand side of (1.7) are independent of B , by taking |B| → ∞, we easily obtain the following first-order weighted Sobolev inequality
More generally, as proved in [27] (see also [23] ), the polynomials in Theorem 1 can be taken so that a limit argument gives the following higher-order weighted multilinear Sobolev inequalities.
Theorem 2 (Higher-order weighted multilinear Sobolev inequalities). Under the same hypothesis as Theorem 1 and for
where C is a constant independent of f .
When k = 2, a representation formula in terms of the fundamental solution of a sub-Laplacian on a homogeneous Carnot group and the boundedness properties of the multilinear fractional integrals give the following Sobolev inequality.
Theorem 3 (Second-order weighted multilinear Sobolev inequalities with sub-Laplacians). Under the same hypothesis as Theorem 1 (k=2) and for
where L is the sub-Laplacian associated to X and C is a constant independent of f .
Theorem 1, Theorem 2, and Theorem 3 come as an addition to the vast literature on subelliptic Poincaré-type inequalities (including, for instance, [2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 19, 20, 24, 23, 25, 26, 27, 28, 29, 30, 31, 32] and references there in) which address, in particular, the case p < 1.
Remark 1. We point out that Theorem 1, as well as the notions of higher-order weighted multilinear Poincaré and Sobolev inequalities, are new even in the Euclidean setting. On the other hand, the Euclidean case of Theorem 2 for k = 1 and Theorem 3 were proved in [30] . Remark 3. We present here an example that shows that inequalities of the type (1.3) fail in general for 0 < p < 1. The ideas are inspired by the example given in [2] that proves that (1.2) may fail for 0 < p < 1.
We first consider the one dimensional Euclidean case. Let ϕ :
) for x ∈ R. It follows that
On the other hand, if 0 < q < ∞ there exists a constant C q > 0 such that inf a, b∈R
Indeed, if 0 < q < ∞ and 0 < ε < 1/2 then inf a, b∈R
Elementary computations show that
|x − 2b| q dx is bounded from below by a positive constant independent of b. For higher dimensions consider g ε (x 1 , · · · , x n ) = f ε (x 1 ) where f ε is as above and integrate, say, in a ball centered at the origin and radius one.
This note consists of two additional sections. We start Section 2 with the necessary background on homogeneous Carnot groups. We then prove our main results, Theorem 1, Theorem 2 and Theorem 3, which follow from two key pieces in the context of homogeneous Carnot groups: the boundedness of multilinear potential operators (Theorem 4) and representation formulas for products of functions (Corollaries 1, 2, 3). In Section 3 we close this article with an application of Theorem 1 to weighted Leibniz-type rules for Campanato-Morrey spaces.
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2. Proofs of Theorem 1, Theorem 2, and Theorem 3 2.1. Homogeneous Carnot groups.
Smooth vector fields. A smooth vector field
T , x ∈ R n , where a i : R n → R, i = 1, · · · , n, are infinitely differentiable functions. If f : R n → R is differentiable, we denote by Xf the function defined by
, and if k ∈ N 0 we set
2.1.2. Definition of homogeneous Carnot group. Let (R n , ⋄) be a Lie group on R n and denote by g its Lie algebra. Consider n 1 , · · · , n s ∈ N, n 1 + · · · + n s = n, and dilations {δ λ } λ>0 of the form
The triple G = (R n , ⋄, δ λ ) is said to be a homogeneous Carnot group (of step s and n 1 generators) if δ λ is an automorphism of (R n , ⋄) for every λ > 0 and if the first n 1 elements of the Jacobian basis of g, say
where Lie[Z 1 , · · · , Z n 1 ] is the Lie algebra generated by the vector fields Z 1 , · · · Z n 1 .
The number Q = s i=1 i n i is called the homogeneous dimension of G. The vector fields Z 1 , · · · , Z n 1 are called the (Jacobian) generators of G, whereas any basis for span{Z 1 , · · · , Z n 1 } is called a system of generators of G. It follows that
where W (i) denotes the vector space spanned by the commutators of length i of the vectors Z 1 , · · · , Z n 1 . The elements in W (i) are δ λ -homogeneous of degree i, and dim
The second order differential operator
is called the canonical sub-Laplacian of G if X i = Z i , i = 1, · · · , n 1 , and simply a subLaplacian if {X 1 , · · · , X n 1 } is a system of generators of G. We point out that there are characterizations of families of smooth vector fields {X 1 , · · · , X n 1 } for which there exists a homogeneous Carnot group with respect to which
i is a sub-Laplacian (see, for instance, [1, p.191 
]).
If α = (α 1 , · · · , α n ) ∈ N n 0 is a multi-index and x = (x 1 , · · · , x n ) ∈ R n we set
, where σ i = 1 for i = 1, · · · , n 1 , σ i = 2 for i = n 1 + 1, · · · , n 1 + n 2 , σ i = 3 for i = n 1 +n 2 +1, · · · , n 1 +n 2 +n 3 , and so on. If P (x) = α c α x α is a polynomial on G the homogeneous degree (or just degree) of P is defined as deg G (P ) = max{|α| G : c α = 0}. In the framework of Carnot groups, we define the multilinear fractional integral of order τ > 0 by
Multilinear fractional integrals in Carnot groups. Given a Carnot group
. Let G be a homogeneous Carnot group in R n of homogeneous dimension Q, τ a positive real number, m a positive integer such that τ ≤ m Q, d the Carnot-Carathéodory metric in R n with respect to a family of generators X of G, and u, v i , i = 1, · · · , m, weights defined on R n and satisfying condition (1.5) if q > 1 or condition (1.6) if q ≤ 1 with k replaced by τ. Then there exists a constant C such that
The constant C depends only on structural constants and the constants appearing in (1.5) and (1.6). The reverse doubling condition in this setting means that there are positive constants c and δ such that r 1 ), x 1 , x 2 ∈ R n , and 0 < r 1 , r 2 < ∞. Since |B d (x, r)| = c d r Q the above inequality holds true with a uniform constant c and any positive δ ≤ Q.
The growth condition for the kernel in this context means that for every positive constant C 1 there exists a positive constant C 2 such that for all x, y, z ∈ R nm ,
Both inequalities follow from the facts that |B d (x, r)| = c d r Q and τ ≤ m Q. in R n with respect to a family of generators X of G, B a d-ball, and f ∈ C k (B). Then there exists a polynomial P k (B, f ) of degree less than k such that for x ∈ B,
where C is independent of f , x and B. Moreover, if k ≤ Q then
Corollary 1 (Higher-order multilinear representation formula.). Let G be a homogeneous Carnot group in R n of homogeneous dimension Q and n 1 generators, k and m positive integers such that k ≤ m Q, d the Carnot-Carathéodory metric in R n with respect to a family of generators X of G, B a d-ball, and
where C is independent of f , x and B.
Proof. Consider the Carnot group G (m) in R nm given by the sum of m copies of G (see [1, p. 190] ) and note that G (m) has homogeneous dimension m Q. LetX be the family of generators for G (m) given by m copies of X with appropriately added zeros andd be the Carnot-Carathéodory metric in R nm associated withX. Then Bd( x, r) = 
where C is independent of f, x and B. Restricting to the diagonal,
, which is a polynomial in x of degree less than k, and using thatd( x, y) ∼ d(x, y) and
showing (2.5).
In [27] it is proved that the polynomial in (2.3) can be taken in such a way that |B| → ∞ gives the following global representation formula.
Theorem B ([27, p. 659, Theorem 3.1]). Let G be a homogeneous Carnot group in R n of homogeneous dimension Q, k a positive integer such that k ≤ Q, and d the Carnot-Carathéodory metric in R n with respect to a family of generators X of G. Then there exists a constant C such that
Reasoning as in the proof of Corollary 1 we obtain
Corollary 2 (Higher-order global multilinear representation formula.). Let G be a homogeneous Carnot group in R n of homogeneous dimension Q and n 1 generators, k and m positive integers such that k ≤ m Q, and d the Carnot-Carathéodory metric in R n with respect to a family of generators X of G. There exists a constant C such that
The following representation formula is well known (see, for instance, [1, p.236] ).
Theorem C. Let L be a sub-Laplacian on a homogeneous Carnot group G in R n of homogeneous dimension strictly larger than 2. If Γ is the fundamental solution for L then
Remark 4. The homogeneous dimension of G being strictly larger than 2 guaranties the existence of a fundamental solution for L, which is unique. Also Γ(x) ∼ d(x, 0) 2−Q , x = 0, where d is the Carnot-Carathéodory metric in R n associated with the family of generators corresponding to the sub-Laplacian L.
Corollary 3 (Second-order global multilinear representation formula with a sub--Laplacian.). Let G be a homogeneous Carnot group in R n of homogeneous dimension Q, m a positive integer such that m Q > 2, X a family of generators of G and L its sub-Laplacian. There exists a constant C such that
Proof. Let d be the Carnot-Carathéodory metric in R n with respect to X and let G (m) ,X andd be as in the proof of Corollary 1. IfΓ is the fundamental solution for the sub-LaplacianL corresponding toX then Theorem B gives
We note thatΓ(( x) −1 ⋄ y) ∼d( x, y) 2−mQ ∼ d( x, y) 2−mQ and thatL(f 1 · · · f m )( y) = m i=1 Lf i (y i ) · Π j =i f j (y j ) for y = (y 1 , · · · , y m ) ∈ R mn . By these remarks and by taking x := x 1 = x 2 = · · · = x m in the above formula we obtain (2.6).
Finally, the proofs of Theorems 1, 2, and 3 follow from Theorem 4 and Corollaries 1, 2 and 3, respectively.
3. An application to weighted Leibniz-type rules in Campanato-Morrey spaces As a consequence of Theorem 1 we have the following.
Theorem 5. Let 1 < p 1 , p 2 < ∞, p be defined by
, q ≥ p and λ, λ 1 , λ 2 ∈ (0, ∞) be such that
. If G is a homogeneous Carnot group in R n of homogeneous dimension Q and n 1 generators, k is a positive integer such that k ≤ 2 Q, d is the Carnot-Carathéodory metric in R n with respect to a family of generators X of G and u, v 1 , v 2 are weights on R n satisfying condition (1.5) if q > 1 or condition (1.6) if q ≤ 1 with m = 2, then
